We have determined an atom-surface interaction potential for the He-Bi 2 Te 3 (111) system by analysing ultrahigh resolution measurements of selective adsorption resonances. The experimental measurements were obtained using 3 He spin-echo spectrometry. Following an initial free-particle model analysis, we use elastic close-coupling calculations to obtain a three-dimensional potential. The three-dimensional potential is then further refined based on the experimental data set, giving rise to an optimised potential which fully reproduces the experimental data. Based on this analysis, the He-Bi 2 Te 3 (111) interaction potential can be described by a corrugated Morse potential with a well depth D = (6.22 ± 0.05) meV, a stiffness κ = (0.92 ± 0.01)Å −1 and a surface electronic corrugation of (9.6 ± 0.2)% of the lattice constant. The improved uncertainties of the atom-surface interaction potential should also enable the use in inelastic closecoupled calculations in order to eventually study the temperature dependence and the line width of selective adsorption resonances.
Introduction
Bi 2 Te 3 is classified as a topological insulator (TI) [1] , a class of materials which exhibit protected metallic surface states and an insulating bulk electronic structure [2, 3, 4] . The modification of the electronic structure of topological surfaces upon adsorption of atoms and molecules has been subject to several studies [5, 6, 7, 8] . However, the interaction of topological insulator surfaces with its environment, including the atom-surface interaction potential is largely unexplored by experiment. Information about the detailed shape of the interaction potential can be gained from atom scattering experiments. In favourable cases the hard wall of the potential can be studied through the profile of the specular lattice rod, a form of interference in ∆k z [9, 10] . However, such methods are relatively insensitive to the form of the attractive interaction, which is the main concern in the present work. Here, we analyse observations of resonant scattering using 3 He spin-echo spectroscopy measurements in combination with elastic close-coupling scattering calculations to determine the He-Bi 2 Te 3 (111) interaction potential. Atom-surface potentials can be measured to an extremely high accuracy by using selective adsorption resonances (SAR) in atomsurface scattering via the technique of 3 He spinecho spectrometry [11, 12] . A detailed study of the atom-surface interaction on topological insulators is particularly interesting from a fundamental point of view. Precise measurements of atom-surface potentials offer a highresolution window into the atom-surface interaction dynamics within the van der Waals regime, a field of intense theoretical interest in testing the ability of density functional theory calculations to simulate nonlocal interactions [13, 14, 15] . Hence the experimental data may assist in bench-marking of current theoretical approaches for the description of van der Waals forces. Such approaches become even more complicated for nanostructured surfaces [16] . On topological insulator surfaces with their peculiar electronic surface effects our data and experimental approach may also help to understand the above mentioned influence of adsorption upon the electronic structure, where in particular the longrange part of the potential is responsible for band bending effects [17] . Selective adsorption phenomena appear in atommolecule scattering off periodic surfaces due to the attractive part of the atom-surface interaction potential. According to Bragg's law, when an atom is scattered by a periodic surface, the change in the wavevector component parallel to the surface, K, must be equal to a surface reciprocal lattice vector, G. In the case of elastic scattering, the wavevector component perpendicular to the surface, k f,z , is given via the conservation of energy and the kinematically-allowed G-vectors for scattering are those for which k 2 f,z is positive. SARs occur when a He atom is diffracted into a channel which is kinematically disallowed (k 2 f,z < 0) whilst simultaneously dropping into a bound state of the atom-surface potential. The kinematics of a SAR, involving a bound state of energy − |ǫ n |, is defined by the simultaneous conservation of energy and parallel momentum. The corresponding process can only take place if the difference between the energy of the incident atom and the kinetic energy of the atom moving parallel to the surface matches the binding energy ǫ n of the adsorbed atom [18] :
Since SARs correspond to the specific bound state energies ǫ n , of the He-surface interaction potential, the phenomenon provides a natural approach for studies of the atom-surface potential. It has only recently been shown that SARs in He scattering can even be used to reveal the degree of proton order in an ice surface [19] . However, the majority of experimentally measured SARs is based on salts with the NaCl structure [18, 20, 21, 22, 11, 12, 23] with some exceptions such as, adsorbate systems [24, 25] , stepped metal surfaces [26, 20] or the semimetal surfaces of Bi (111) and Sb(111) [27, 28] and the semiconductor Si(111)-H [29] .
Experimental Details
In the present work we use 3 He-Bi 2 Te 3 (111) selective adsorption data obtained with the Cambridge helium-3 spin-echo spectrometer [30] . A nearly monochromatic beam of 3 He is scattered off the sample surface in a fixed 44.4
• sourcetarget-detector geometry. A detailed setup of the apparatus has been described in greater detail elsewhere [31, 30] . Bi 2 Te 3 exhibits a rhombohedral crystal structure which consists of quintuple layers bound to each other through weak van der Waals forces giving easy access to the (111) surface by cleavage [32, 33] (see Michiardi et al.[33] for details on the crystal growth procedure). The (111) cleavage plane is terminated by Te atoms with a hexagonal structure (a = 4.386Å) [34] . The Bi 2 Te 3 single crystal used in the study was attached onto a sample holder using electrically and thermally conductive epoxy.
The sample holder was then inserted into the chamber using a load-lock system [35] and cleaved in-situ. The sample holder can be heated using a radiative heating filament on the backside of the crystal or cooled down to ≈ 100 K using liquid nitrogen. The sample temperature was measured using a chromel-alumel thermocouple. A measurement which can be used to identify SARs, is the so called ϑ-scan, where the scattered beam intensity is measured as a function of the incident angle ϑ i , while the total scattering angle is fixed. In doing so, the momentum transfer parallel to the surface, given by |∆K| = |k i |(sin(ϑ f ) − sin(ϑ i )), is varied by changing the incident angle ϑ i . A typical diffraction scan for the ΓM azimuth is shown in the lower panel of Figure 1 . In between the diffraction peaks, there may appear small peaks or dips in the scattered intensity which can be assigned to SARs, with the position of the peaks given by equation (1) . By changing the beam energy and the azimuthal angle, different SAR conditions can be met.
In Figure 1 rapid variations in scattered intensity have been identified with particular resonances. The resonance positions are indicated by vertical lines in Figure 1 , with annotations indicating the diffraction channel and bound-state index. In identifying particular resonances, we have assumed the free atom approximation, where the binding energy ǫ n , in Equation 1, is taken as a constant and is independent of K i and G. The approximation is valid in the limit of zero corrugation and is a useful starting point for the more detailed analysis performed below. A corrugated potential creates a more complex band-structure for the resonances where the dispersion is no longer that of a free-atom and nearby resonances may interact. Such effects are visible in a 3-D plot of scattered intensity against energy and azimuthal angle. The spin-echo spectrometer enables such plots from measurements of the specular intensity against azimuthal angle, as we describe below. We will only briefly summarise the measurement of such a two-dimensional scan here, since a more detailed description can be found elsewhere [11] . We use the Fourier transform nature of the spectrometer to analyse the intensity distribution as a function of energy within the specularly scattered helium beam, to produce a complete data set of SARs for the particular scattering geometry used.
Selective adsorption features were measured by performing a series of spin precession scans on the specularly scattered helium beam using one of the instruments spin-precession coils. The results were Fourier transformed onto an energy scale [30] , where selective adsorption processes appear as dips or peaks in the scattered intensity at specific characteristic energies. To probe as many selective adsorption processes as possible, we used 3 He nozzle conditions which gave a wide energy spread in the incident beam. Two sets of measurements were performed, one with the central beam energy at 8 meV and a full width at half maximum of 1.66 meV and one with the central beam energy around 11 meV and a width of 3.80 meV. Figure 2 shows an example of such a scan with the raw and Fourier transformed data. The spin precession measurements used precession solenoid currents between −400 and +400 mA in 0.33 mA steps. The complete data set was built up from a series of 130 scans (65 at each nozzle temperature), taken at an azimuthal angle spacing of 0.5
• , to encompass the entire region within the ΓM and ΓK azimuthal directions. The scans at both beam energies were then combined into one plot. To further increase the visibility of bound state resonance features the scattered intensity was subtracted from the beam profile as given without the effect of bound state resonances. We use the average of the whole data set along the azimuthal direction as a measure of the beam profile [25, 29] and the whole data set was then normalised after subtraction from the beam profile. In Fig. 3a the final data set is shown as a function of ϕ (the azimuthal angle relative to the ΓK azimuth) and E f . A number of lines of high and low intensities, which we identify as SAR features, can be seen to run across the data set.
Analysis
For the atom-surface interaction we assume a corrugated Morse potential (CMP). Strictly speaking, the Morse potential does not exhibit the right z −3 asymptotic behaviour and the long-range interaction may be described more accurately by modified versions of the interaction potential. However, as shown recently, Morse-or Morse-like potential functions are perfectly suitable for representing the bound state energies of semimetal surfaces [36, 37] and the use of the Morse potential allows to solve Final energy E f (meV) several steps within the close-coupling (CC) algorithm analytically, which greatly simplifies the computational cost. For a three-dimensional atom-surface interaction potential the potential is written in terms of the lateral position R on the surface and the distance z with respect to the surface: [38] 
where κ is the stiffness parameter, D is the depth of the potential well and ν 0,0 is the surface average of the exponent of the corrugation function. The electronic surface corrugation is given by ξ(R) where R is the lateral position in the surface plane describing a periodically modulated surface with constant total electron density. ξ(R) is described by the summation of cosine terms obtained from a Fourier series expansion based on a hexagonal unit cell [36, 28] :
with ξ 0 the corrugation amplitude. The magnitude of the corrugation is typically given in terms of the peak-to-peak corrugation ξ pp of (3). The laterally averaged surface potential V 0 of (2) is then given via:
and the corresponding couplings can be found in [28, 37, 36] . The bound states of the averaged potential are described by an analytical expression:
with a positive integer n, ω = κ
hω , where m is the mass of the impinging 3 He atom. In order to determine the best three-dimensional potential, we go through the following three-step process, starting with a laterally averaged atomsurface interaction potential followed by refining the three-dimensional potential via comparison of close-coupled calculations with the experimental data:
1. Obtain an approximate, surface-averaged potential using the free-atom model ( Figure 1 ). 2. Determine the corrugation amplitude ξ 0 of the potential from diffraction measurements to acquire a three-dimensional potential. 3. Simulate the experimental measurements using the corrugated potential and further improve the potential by comparison of the simulation with the experimental data.
The process is described in detail below.
Comparison with the free atom model
The free atom approximation (for parallel motion) assumes that the surface potential is adequately described simply by the laterally averaged component of the interaction potential. It corresponds to the case where the surface corrugation approaches zero, which is not possible in reality, since corrugation is necessary to provide the corresponding G-vector for the resonance processes.
In particular for strongly corrugated systems the free atom approximation is no longer valid. Based on the diffraction peak intensities a peak-to-peak corrugation of 9% of the surface lattice constant was found for Bi 2 Te 3 [34] and about 5% in the case of Bi(111) [36] . Though still smaller than the corrugation of several semiconductor and insulating surfaces [20, 34] these are rather large values. Hence one would expect that band structure effects play a significant role. Nevertheless, despite its limitations and simplifying nature, the free atom approximation provides a good starting point to understand selective adsorption phenomena. To calculate the positions, the kinematic condition from (1) is written in terms of the incident angle ϑ i and the incident wave vector k i , which corresponds to the beam energy as well as the components of the scattering vector
Here G is split into the components G and G ⊥ parallel and normal to the incidence plane, respectively. Diffraction scans with some SARs are useful in order to obtain a first idea about the bound state energies: Solving (6) provides an estimate of the bound state energy ǫ n associated with a peak or dip at a certain ϑ i in the diffraction scan.
The lower panel of Figure 1 shows a diffraction scan for the ΓM azimuth with an incident beam energy of 11.4 meV. A couple of small peaks and some shoulders at the diffraction peak positions, which may be caused by SARs, are visible in the scan. The upper panel of Figure 1 shows a diffraction scan along ΓM with a wide energy spread giving rise to the much broader diffraction peaks. SARs sitting on the diffraction peak positions are now much more evident, however, it complicates the analysis since the incoming beam energy E i and consequently k i in Equation 6 is no longer clearly defined. Nevertheless, we can use the positions of the peaks and dips in Figure 1 to get a first idea about the bound state energies ǫ n and the associated laterally averaged potential. The vertical lines in Figure 1 display the SAR conditions based on Equation 6 for four bound state energies ǫ 0 -ǫ 3 and the reciprocal lattice vectors G as labelled in the graph. Based on these SAR features, there appear to be four bound state energies with ǫ 0 ≈ 4.5 meV, ǫ 1 ≈ 1.9 meV, (a) Measured specular scattering intensity as a function of ϕ and E f , for 3 He scattering from Bi 2 Te 3 (111) surface, where the colour scale corresponds to the intensity. The crystal was held at 110 K during the measurement and the underlying beam profile of the incoming He beam has been removed to obtain a spectrum of the bound state resonances. A number of lines of high and low intensities, which we identify as selective adsorption resonances features, can be seen to run across the data set.
(b) Contour plot of the simulated data set based on the optimised three-dimensional parameters. To obtain the same contour plot as in the experiment (Fig. 3a) the beam profile is included and a small Gaussian blur is introduced which accounts for inelastic effects that are present in the experimental data (measurement at finite temperature). 
Comparison with elastic close-coupled calcula-
tions While in the free atom approximation the coupling term vanishes, the band structure diagram in such a situation would consist entirely of parabolic bands. For strongly corrugated systems, contributions of the higher-order Fourier components in the surface potential become significant and can no longer be neglected. Hence resonance positions calculated using a corrugated surface potential give rise to a substantial deviation from the free atom parabolic bands in analogy to the occurrence of energy gaps in the electronic band structure at the Brillouin zone boundary. Similarly a splitting of parabolic bands and the development of energy gaps at zones of degeneracy may occur due to the spatial periodicity of the atom-surface interaction potential. These effects have been highlighted in the past [39, 40, 41, 42, 43] and an exact description of the measured data is only possible by exact quantum mechanical calculations based on the three-dimensional potential. In a purely elastic scattering scheme, scattering of a He atom with incident wavevector k i , is described by the time-independent Schrödinger equation with the potential as given by Equation 2. Together with a Fourier expansion of the wave function it gives rise to a set of coupled equations for the diffracted waves which are solved for in the close-coupling algorithm using finite set of closed channels [44, 27] . In a first step the corrugation amplitude of the three-dimensional potential needs to be determined. Therefore the elastic peak intensities are simulated using the close-coupling algorithm, starting with the parameters of the laterally averaged potential obtained in the previous section. The calculated purely elastic intensities are corrected with the Debye-Waller attenuation and compared with the experimentally determined peak areas [34] . The peak-to-peak corrugation ξ pp was varied, over a range of 0.005−0.7Å with a step width of 0.005Å giving rise to a best fit with the experimentally determined peak areas at ξ pp = 0.45Å. Once a starting point for the parameters of the three-dimensional potential (2) is known, the closecoupling algorithm is used to calculate a data-set similar to the measurement in Fig. 3a . Therefore the elastically scattered intensity for the secular scattering condition is calculated for a set of different beam energies and for different azimuthal orientations of the crystal. The scattered intensity for each set of (ϕ, E f ) is shown in the contour plot of Figure 3) A comparison of the resonance positions visible in the simulated data with the kinematic conditions of the laterally averaged in (a) illustrates that band structure effects play a significant role, giving rise to strong deviations. In order to further refine the three-dimensional potential we have picked a number of specific resonances of which the kinematic conditions are illustrated as dash-dotted lines. We then minimise the deviation in terms of the (ϕ, E f ) position of these specific resonances between the experimental data in (b) and the simulation in (a) to obtain a best-fit three-dimensional potential.
ima or minima in the contour plot. The dotted and dash-dotted lines which are superimposed onto the contour plot illustrate a number of kinematic conditions, Equation 6 , based on the laterally averaged potential. Note that in regions where there are several resonances based on the free atom model, it is not always possible to identify a clear line shape in the simulated data. In particular, several of the kinematic conditions show a strong deviation with respect to the lines running through the simulated data. There are also several lines in the simulated data which are not matched by any of the kinematic conditions. It illustrates that the above mentioned band structure effects play a significant role and hence the coupling between the scattering channels as present in the close-coupling simulation is essential [44] . Since the deviations of the kinematic conditions from the full quantum-mechanical calculation depend strongly on the potential parameters, the best three-dimensional potential is hard to find. Furthermore, the kinematic conditions do not predict whether a resonance condition gives rise to a maximum or minimum. Therefore, a self-consistency cycle or a method which does not use the kinematic condition has to be evaluated to avoid this problem. The latter can be achieved by comparing the SAR positions obtained from the close-coupling calculation directly to the experimental data, which requires the simulation of data sets for a high number of parameter sets. To make this option viable, the search space has to be reduced, so that it can be scanned in a reasonable amount of time. Therefore, we start with the potential found in 3.1 as the centre of the parameter space and create a parameter grid around it, which reduces the number of simulations and enables the application of parallel computation. In the case of the corrugated Morse potential, the parameter space can be reduced to two dimensions since the corrugation ξ pp can be determined beforehand via comparison with the experimentally determined peak areas.
To quantify the quality of the resulting simulation, a χ 2 -test is used, testing that the positions (ϕ, E f ) of the SARs in the simulated data set coincide with the positions in the experimental data set. It leads to an equation for the χ 2 sum, which adds the squares of the difference between the position of the resonances from the simulation ǫ i,s and the position seen in the experimental data ǫ i,m divided by the sum of the standard deviations of the experiment σ i,m and the simulated data σ i,s :
Here we assume that the resonance positions follow a normal distribution, since they were measured by hand using the image analysis tool called Fiji [45] on a graphical representation of the simulation. To obtain the standard deviation, a cut at a fixed azimuthal angle ϕ was taken and the half width at half maximum of the resonance signal was used, after subtracting the background. The calculation of the χ 2 value is done on a grid with the potential depth D spanning from 5.9 to 6.4 meV with a step width of 0.05 meV and the potential stiffness κ spanning from 0.88 to 1.00Å
with a step width of 0.005Å −1 resulting in 143 potentials. For the calculation of the cost function we have used three resonances, associated with ǫ 0 , ǫ 1 and ǫ 2 which is illustrated in Figure 4 : The kinematic conditions for these resonances are illustrated as dash-dotted lines on top of the experimental as well as the simulated data.
The result of the optimisation is plotted in Figure 5 : The probability that the three resonances ǫ 0 -ǫ 2 , associated with specific reciprocal lattice vectors (see Figure 4 ) appear at the same position in the experimental and the simulated data. The white crosses show the evaluated points on the parameter grid and the contour lines show regions for α-values of 1%, 2% and 5% (corresponding to a confidence interval of 99%, 98% and 95%, respectively). Figure 5 as a colour-map plot, showing the regions for three different significance levels α of 1%, 2% and 5% (corresponding to a confidence interval of 99%, 98% and 95%), respectively. Once the best-fit potential parameters D and κ have been found, the corrugation ξ pp is further refined using again a comparison with the experimentally determined diffraction peak areas. Following this approach, the parameters of the best-fit threedimensional potential based on a significance level of α = 2% are: Compared to the results from 3.1, the well depth D and the corrugation are now somewhat smaller while the stiffness κ increased. While the well depth and stiffness obtained from the free particle model may be used as a reasonable estimate, the uncertainties of all three potential parameters are significantly reduced by comparison with the close-coupling calculations. More importantly, the free particle model can only provide an estimate for the position of the resonances but cannot reproduce the shape of the resonances, in particular whether there appear maxima or minima, which is inherently obtained from the close-coupling calculations.
A simulated data set based on the same conditions as the experimental data set with the optimised three-dimensional parameters is shown in Fig. 3b . To obtain the same contour plot as in the experiment (Fig. 3a ) the beam profile is included: The simulated data is first multiplied with the beam profile to account for the energy distribution of the incoming He beam after which the data is again subtracted from the beam profile to follow the same procedure as for the treatment of the experimental data. Finally a Gaussian blur with a standard deviation of 80 µeV in energy is introduced. The blur is a measure of the average linewidth of the resonances and accounts for the fact that our purely elastic analysis with the corrugated Morse potential fails to reproduce the linewidths of the resonances as measured in the experiment. Several factors may contribute to a resonance linewidth [29] including inelasticity, disorder and the distribution of the corrugation between the attractive and repulsive parts of the potential. A comparison of the simulated data including the Gaussian blur with the experimental data ( Figure 3) shows that all main features are very well reproduced and appear at the right position in terms of ϕ and E f . For a rough estimate of the potential depth D, the ratio between the potential depth and the average atomic mass of the sample can be used. It gives rise to a value of 0.039 meV u
for the Bi 2 Te 3 (111) surface, which is in good agreement with similar material surfaces such as Sb(111) (0.035 meV u −1 ) [37] and Bi(111) (0.038 meV u −1 ) [36] . The value of the well depth D itself, is between those found for Sb(111)(4.3 meV) [37] and Bi(111) (7.9 meV) [36] while being considerably lower than the one found for graphite(0001)(≈ 16 meV) [46, 40] . The stiffness κ of the He-Bi 2 Te 3 (111) potential is much larger compared to the He-Sb(111) potential (0.39Å −1 ) [27] and indeed rather comparable to the He-LiF(001) potential [18] . On the one hand this could be connected with the insulating interior and polarisability of the topological material. On the other hand the He-Bi(111) potential has a similar stiffness (0.88Å −1 ) [36] and it seems to be difficult to identify a general trend based on the stiffness κ. The peak-to-peak corrugation of the final optimised potential is (9.6 ± 0.2)% relative to the lattice constant and hence only slightly larger compared to a first analysis based on a rough estimate of the potential [34] . This surface electronic corrugation is larger than the ones found for low-index metal surfaces [20, 46] while being similar to the corrugation of semimetals such as Bi(111)(5%) [36] , graphite(0001)(8.6%) [47, 48] and Sb(111)(≈ 15%) [37] . Finally, inelastic processes and phonon mediated SARs have been identified in experiments and proven to play important roles [20, 18] , also for similar systems as in our study, e.g. for helium scattering of the Bi(111) surface [27] . However, from a theoretical point of view, these effects have been mainly considered in the limit of low corrugated surfaces [49, 50, 51, 52] . Since the inelastic scattering amplitudes involving bound states depend sensitively on both the repulsive and attractive parts of the potential they provide a discriminating test of the atom-surface interaction potential and we hope that our work will initiate further theoretical investigations in this direction.
Summary and Conclusion
In summary, we have determined an atom-surface interaction potential for the He-Bi 2 Te 3 (111) system by analysing selective adsorption resonances. Following an initial free-particle model analysis, we use elastic close-coupling calculations to obtain an exact three-dimensional potential based on ultrahigh resolution 3 He spin-echo spectroscopy measurements. Based on this analysis, the HeBi 2 Te 3 (111) interaction potential is best described by a corrugated Morse potential with a well depth D = (6.22 ± 0.05) meV, a stiffness κ = (0.92 ± 0.01)Å −1 and a surface electronic corrugation of (9.6 ± 0.2)% of the lattice constant. To our knowledge, this work describes for the first time the determination of a high precision empirical atom-surface interaction potential of a topological insulator. The potential found in our study may assist in the development of first-principles theory where van der Waals dispersion forces play an important role and the improved uncertainties of the potential should also enable the use in inelastic close-coupled calculations. While the calculation of the scattered intensities including inelastic resonances requires the numerical solution of a large set of close-coupling equations which must be sufficiently large to assure convergence, with an exact potential at hand this should eventually allow to study the temperature dependence and the line width of selective adsorption resonances. 
